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ABSTRACT 

The effective action for type II string theory compactified on a six torus is 
= 8 supergravity, which is known to have an Ej duality symmetry. We show 
that this is broken by quantum effects to a discrete subgroup, EjiTj), which contains 
both the T-duality group 0(6, 6; Z) and the S-duality group SL{2; Z). We present 
evidence for the conjecture that Efi^Z) is an exact 'U-duality' symmetry of type 
II string theory. This conjecture requires certain extreme black hole states to be 
identified with massive modes of the fundamental string. The gauge bosons from 
the Ramond-Ramond sector couple not to string excitations but to solitons. We 
discuss similar issues in the context of toroidal string compactifications to other 
dimensions, compactifications of the type II string on K^xT^ and compactifications 
of eleven-dimensional supermembrane theory. 



1. Introduction 



String theory in a given background can be formulated in terms of a sum 
over world-sheet fields, (super-) moduli and topologies of a world-sheet sigma- 
model with the background spacetime as its target space. Different backgrounds 
may define the same quantum string theory, however, in which case they must be 
identified. The transformations between equivalent backgrounds generally define 
a discrete group and such discrete gauge symmetries are referred to as duality 
symmetries of the string theory. An example is T-duality, which relates spacetime 
geometries possessing a compact abelian isometry group (see [1] and references 
therein). The simplest case arises from compactification of the string theory on 
a circle since a circle of radius R defines the same two-dimensional quantum field 
theory, and hence the same string theory, as that on a circle of radius a' / R. T- 
dualities are non-perturbative in the sigma-model coupling constant a' but valid 
order by order in the string coupling constant g. Some string theories may have 
additional discrete symmetries which are perturbative in a' but non-perturbative 
in g. An example is the conjectured S-duality of the heterotic string compactified 
on a six-torus [2,3,4]. In this paper we investigate duality symmetries of the type II 
string compactified to four dimensions and present evidence for a new 'U-duality' 
symmetry which unifies the S and T dualities and mixes sigma-model and string 
coupling constants. 

Consider a compactified string for which the internal space is an n-torus with 
constant metric gij and antisymmetric tensor 6y. The low-energy effective field 
theory includes a spacetime sigma model whose target space is the moduli space 
0(n, n)/[0(n) x 0(n)] of the torus, and the constants gij and hij are the expecta- 
tion values of the scalar fields. There is a natural action of 0(n, n) on the moduli 
space. In general this takes one string theory into a different one but a discrete 
0(n, n; Z) subgroup takes a given string theory into an equivalent one. This is the 
T-duality group of the toroidally-compactified string and the true moduli space of 
the string theory is the moduli space of the torus factored by the discrete T-duality 
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group. There is a generalization to Narain compactifications on the '(p,q)-torus' 
T{p, q) for which the left-moving modes of the string are compactified on a p- 
torus and the right-moving ones on a g-torus [5]. In this case the moduli space 
is 0{p,q)/[0{p) X 0(g)] factored by the T-duality group 0{p,q]Z). The r(6, 22) 
case is relevant to the heterotic string compactified to four dimensions which has 
0(6, 22; Z) as its T-duahty group. At a generic point in the moduli space the ef- 
fective field theory is N — A supergravity coupled to 22 abehan vector multiplets, 
giving a total of 28 abehan vector gauge fields [6] with gauge group C/(l)^^. It fol- 
lows from the compactness of the full gauge group for all 28 vector gauge fields that 
any electric or magnetic charges are quantized. The effective field theory has an 
SL{2; R) X 0(6, 22) invariance of the equations of motion which, due to the charge 
quantization and the fact that states carrying all types of charge can be found 
in the spectrum, is broken to the discrete subgroup SL{2;'Z) x 0(6, 22; Z). The 
0(6, 22; Z) factor extends to the T-duality group of the full string theory. It has 
been conjectured that the SL{2; Z) factor also extends to a symmetry of the full 
string theory [3] . This is the S-duahty group of the heterotic string. It acts on the 
dilaton field $ and the axion field ip (obtained by dualizing the four-dimensional 
two-form gauge field b^i, that couples to the string) via fractional linear transfor- 
mations of the complex scalar ^jJ + ie~^ and on the abelian field strengths by a 
generalized electric-magnetic duality. One of the SL{2; Z) transformations inter- 
changes the electric and magnetic fields and, when ip = 0, takes $ to — $ which, 
since the expectation value of can be identified with the string coupling constant 
g, takes to 1/g, and so interchanges strong and weak coupling. 

Consider now the compactification of the type IIA or type IIB superstring 
to four dimensions on a six-torus. The low-energy effective field theory is N = 8 
supergravity [7], which has 28 abelian vector gauge fields and 70 scalar fields taking 
values in Ej^^j^/ [SU{8)/Z2\. The equations of motion are invariant under the 
action of £"7(7) [7], which contains SL{2;M.) x 0(6,6) as a maximal subgroup. 
We shall show that certain quantum mechanical effects break £'7(7) to a discrete 
subgroup which we shall call Et{Z), and this implies a breaking of the maximal 
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SL{2; M) X 0(6, 6) subgroup to SL{2] Z) x 0(6, 6; Z). The 0(6, 6; Z) factor extends 
to the full string theory as the T-duality group and it is natural to conjecture that 
the SL{2; Z) factor also extends to the full string theory as an S-duality group. 
In fact, we shall present evidence for the much stronger conjecture that the full 
Et{Z) group (to be defined below) extends to the full string theory as a new 
unified duality group, which we call U-duality. U-duality acts on the abelian gauge 
fields through a generalized electromagnetic duality and on the 70 scalar fields, 
the constant parts of which can each be thought of as a coupling constant of the 
theory. The zero-mode of the dilaton is related to the string coupling g, while 
21 of the scalar zero-modes are the moduli of the metric on the 6-torus, and the 
others parameterise the space of constant anti-symmetric tensor gauge fields on the 
six-torus. U-duality implies that all 70 coupling constants are on a similar footing 
despite the fact that the standard perturbative formulation of string theory assigns 
a special role to one of them. 

Whereas T-duality is known to be an exact symmetry of string theory at each 
order in the string coupling constant g, the conjectured S-duality and U-duality are 
non-perturbative and so cannot be established within a perturbative formulation 

of string theory. However, it was pointed out in [4] in the context of the heterotic 
string that there arc a number of quantities for which the tree level results are 
known to be, or believed to be, exact, allowing a check on S-duality by a pertur- 
bative, or semi-classical, calculation. We shall show that U-duality for the type II 
string passes the same tests. 

First, for compactifications of the type II string that preserve at least N — A 
supersymmetry, the low energy effective field theory for the massless modes is a 
supergravity theory whose form is determined uniquely by its local symmetries 
and is therefore not changed by quantum corrections. Duality of the string theory 
therefore implies the duality invariance of the equations of motion of the supergrav- 
ity theory. This prediction is easily checked because the symmetries of the N > 4 
supergravity/matter theories have been known for some time. In particular, the 
equations of motion of = 8 supergravity are U-duality invariant. Another quan- 
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tity that should be, and is, duaUty invariant is the set of values of electric and 
magnetic charges allowed by the Dirac-Schwinger-Zwanziger quantization condi- 
tion. Third, the masses of states carrying electric or magnetic charges satisfy a 
Bogomolnyi bound which, for the compactifications considered here, is believed to 
be unrenormalized to arbitrary order in the string coupling constant. Duality in- 
variance of the string theory requires this bound to be duality invariant. For soliton 
states the Bogomolnyi bound can be found from a classical bound on field config- 
urations of the effective supergravity theory carrying electric or magnetic charges 
that generalizes the bound obtained in [8] for Maxwell-Einstein theory. We present 
this bound for = 8 supergravity and show that it is U-duality invariant. Fourth, 
the spectrum of 'Bogomolnyi states' saturating the Bogomolnyi bound should also 
be duality invariant. These states include winding and momentum modes of the 
fundamental string and those found from quantization of solitons. We shall assume 
that sohton solutions of the type II string can be identified with those of its effec- 
tive N — 8 supergravity theory, and these, as we shall see, include various types 
of extreme black hole*. 

One of the main concerns of this paper will be the Bogomolnyi states of the 
type II string theory that break half the supersymmetry. As we shall see, the soli- 
ton states in this category arise from quantization of a particular class of extreme 
black hole solution of A^" = 8 supergravity. It is essentially automatic that all 
soliton states of the type II string fall into representations of the U-duality group 
because this is a symmetry of the equations of motion of which the solitons are 
solutions ^ A similar argument can be made for solitons of the heterotic string; for 
example, extreme black hole solutions of the low-energy field theory corresponding 
to the heterotic string fit into 5*^(2, Z) representations [10]. There arc two points 
to bear in mind, however. First, a duality transformation not only produces new 
soliton solutions from old but also changes the vacuum, as the vacuum is parame- 

★ Sec [9] for a discussion of the interpretation of extreme black holes as solitons 
t They also fall into supermultiplets because of the fermion zero modes in the presence of an 
extreme black hole [11] 
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terised by the scalar expectation values and these change under duality. We shall 
assume, as in [4], that the new soliton state in the new vacuum can be contin- 
ued back to give a new soliton state in the old vacuum with duality transformed 
electric and magnetic charges; this is certainly possible at the level of solutions 
of the low energy effective action, since the extreme black hole solutions depend 
analytically on the scalar expectation values. Combining U-duality transforma- 
tions with analytic continuations of the scalar field zero-modes in this way gives an 
£'7(Z) invariance of the spectrum of soliton states in a given vacuum. (Note that 
whereas U-duality preserves masses, combining this with a scalar zero-mode con- 
tinuation gives a transformation which changes masses and so is not an invariance 
of the Hamiltonian.) Second, the four-dimensional metrics of many extreme black 
hole solitons are only defined up to a conformal rescaling by the exponential of a 
scalar field function that vanishes at spatial infinity. While the 'Einstein' metric 
is duality invariant, other metrics in the same conformal equivalence class will not 
be. In general one should therefore think of duality as acting on conformal equiv- 
alence classes of metrics and the issue arises as to which metric within this class 
is the physically relevant one. As we shall see, for the solutions considered here 
each conformal class of metrics contains one that is (i) either completely regular 
or regular outside and on an event horizon and (ii) such that its spatial sections 
interpolate between topologically distinct vacua. The extreme black hole solutions 
corresponding to these metrics might reasonably be interpreted as solitons of the 
theory. 

We now encounter an apparent contradiction with U-duality, and with S- 
duality, of the type II string theory because the fundamental string excitations 
include additional Bogomolnyi states which apparently cannot be assigned to du- 
ality multiplets containing solitons because the soliton multiplets are already com- 
plete. The only escape from this contradiction is to make the hypothesis that 
the fundamental string states have already been counted among the soliton states. 
In order for this to be possible there must be soliton states carrying exactly the 
same quantum numbers as the fundamental Bogomolnyi states. This is indeed 
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the case. The idea that particles with masses larger than the Planck mass, and 
hence a Compton wavelength less than their Schwarzschild radius, should be re- 
garded as black holes is an old one [12,13], and it has recently been argued that 
Bogomolnyi states in the excitation spectrum of the heterotic string should be 
identified with extreme electrically-charged dilaton black holes [14,15]. For the 
heterotic string, approximate solutions of the low-energy effective action include 
extreme black holes and self-gravitating BPS monopoles [16,17], and it is believed 
that these correspond to Bogomolnyi sohtons of the heterotic string [4]. Any mag- 
netically charged soliton will have an electrically charged soliton partner generated 
by the action of the Z2 electromagnetic duality subgroup of S-duality. Now, if 
the full string theory is S-duality invariant, and this Z2 subgroup acts on an elec- 
trically charged fundamental string state to give a magnetically charged soliton, 
as argued for the heterotic string in [4], then this fundamental string state must 
be identified with the corresponding electrically charged sofiton. We shall return 
to these points later but it is worth noting here that solitons of the low-energy 
effective N — A or N — 8 supergravity theory fit into representations of the S xT 
or U duality as these are symmetries of the supergravity equations of motion, and 
this is true irrespective of whether the duality symmetry is actually a symmetry of 
the full heterotic or type II string theory. 

For compactifications of ten-dimensional string theories one expects solitons 
of the effective four-dimensional theory to have a ten-dimensional origin. For the 
type II string we are able to identify the four dimensional solitons that break 
half the super symmetry of = 8 supergravity as six-torus 'compactifications' 
of the extreme black p-branes of either IIA or IIB ten-dimensional supergravity 
[18,19,20,21,22]. We note that, in this context, the Bogomolnyi bound satisfied by 
these states can be seen to arise from the algebra of Noether charges of the effective 
world- volume action [23]. Remarkably, the solitonic states that are required to be 
identified with fundamental string states are precisely those which have their ten- 
dimensional origin in the string soliton or extreme black 1-brane solution, which 
couples to the same two-form gauge field as the fundamental string. This suggests 
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that we should identify the fundamental ten dimensional string with the solitonic 
string. This is consistent with a suggestion made in [24], for other reasons, that 
the four- dimensional heterotic string be identified with an axion string. 

A similar analysis can be carried out for non-toroidal compactification. A 
particularly interesting example is compactification of the type II superstring on 
Ks X [25] for which the effective four-dimensional field theory turns out to be 

identical to the effective field theory of the T^-compactified heterotic string, and 
in particular has the same SL{2, Z) x 0(6, 22; Z) duality group. Furthermore, the 
spectrum of extreme black hole states is also the same. This raises the possibility 
that the two string theories might be non-perturbatively equivalent, even though 
they differ perturbatively. Such an equivalence would clearly have significant im- 
plications. 

Finally we consider similar issues in the context of the 11-dimensional superme- 
mbrane [26]. This couples naturally to 11-dimensional supergravity [27] and hence 
to = 8 supergravity after compactification on and to A^ = 4 supergravity 
coupled to 22 vector multiplets after compactification on x [28] . At present 
it is not known how to make sense of a quantum supermembrane, so there is little 
understanding of what the massive excitations might be. However, some progress 
can be made using the methods sketched above for the string. We shall show 
that, if the elementary supermembrane is identified with the solitonic membrane 
solution [29] of 11-dimensional supergravity and account is taken of the solitonic 
fivebrane solution [30] , the results of this analysis for the four-dimensional theory 
are exactly the same as those of the type II string. 
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2. Charge Quantization and the Bogomolnyi Bound 



Consider the four-dimensional Lagrangian 

L = ^ Qi? - \gi^{ct>)d,ct>'d^ctP - \mu{ct>)F'^''Fi, - ^e^^^'^a,j(0)F^^,F/,^ 

(2.1) 

for space-time 4-metric Qf^i,, scalars 0* taking values in a sigma-model target space 
M. with metric gij{4>), and k abelian vector fields Aj^^ with field strengths F^^. 
The scalar functions m/j -|- iajj are entries of a positive definite k x k Hermitian 
matrix. The bosonic sector of all supergravity theories without scalar potentials or 
non-abelian gauge fields can be put in this form. We shall be interested in those 
cases for which the equations of motion are invariant under some symmetry group 
G, which is necessarily a subgroup of Sp{2k; M) [31] and an isomctry group of Ai. 
Of principal interest here are the special cases for which Ai is the homogeneous 
space G/H where H is the maximal compact subgroup of G. These cases include 
many supergravity theories, and all those with N > 4 super symmetry. For N — 4 
supergravity coupled to m vector multiplets k — 6 + m, G — SL{2; R) x 0(6, m) 
and H = U{1) x 0(6) x 0{m). For = 8 supergravity A; = 28, G = E^^) and 
H = SU{8). For the 'exceptional' N ^2 supergravity [32], A; = 28, G = E^^_25) 
andH^Ee x U{1). 

Defining 

G^^i = mij^F-l^ + aijF^^ (2.2) 

where *-F([,y = ^^nvpaF'"^^ , the Aj^ field equations and Bianchi identities can be 
written in terms of the the 2A;- vector of two-forms 




as simply dJ^ — 0. The group G acts on the scalars through isometrics of A4 and 
on ^ as — > where A e G C Sp{2k; R) is a 2A; x 2k matrix preserving the 
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2k X 2k matrix 

= I , „ 1 (2-4) 




An alternative way to represent the G/H sigma model is in terms of a G- valued 
field V{x) which transforms under rigid G-transformations by right multiplication 
and under local H transformations by left multiplication 

V{x) h{x)V{x)A-'^ heH , AeG (2.5) 

The local if-invariance can be used to set V G G/H. Note that JF = VJ-' is G- 
invariant. In most cases of interest, the scalar coset space can be parameterised 
by the complex scalars zjj — ajj + imij which take values in a generalised upper- 
half-plane {mjj is positive definite) and the group G acts on zjj by fractional 
linear transformations. (This can be seen for = 8 supergravity as follows. In the 
symmetric gauge [7], the coset is parameterised by a scalar yij which transforms 
under fractional linear transformations under G. However, zjj is related to yjj 
by a fractional linear transformation, zjj = i{l + y)/{l — y), so that z in turn 
transforms under G by fractional linear transformations. Similar results follow for 
N < 8 supergravities by truncation.) 

We now define the charges 

Q'^f^F^ Pi = ^f^' <li = fGi (2.6) 

E EE 

as integrals of two-forms over a two-sphere S at spatial infinity. The charges 
and qj are the magnetic charges and the Noether electric charges, respectively. 
The charges are the electric charges describing the fall-off of the radial 
components of the electric fields, Fq^, and incorporate the shift in the electric 
charge of a dyon due to non-zero expectation values of axion fields [33]. Indeed, if 
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the scalars 0* tend to constant values 0' at spatial infinity, then 

qi = miMQ^ + aij{4))p^ . (2.7) 
The charges (p^, qi) can be combined into a 2/c- vector 




from which it is clear that Z h.Z under G. 

The Dirac-Schwinger-Zwanziger (DSZ) quantization condition (with h = 1) for 
two dyons with charge vectors Z and Z' is 

Z'^VLZ' = p^q'j - p'^qi = u (2.9) 

for some integer p. This quantization condition is manifestly G-invariant as G C 
Sp{2k; M). However, it has implications for the quantum theory only if there exist 
both electric and magnetic charges. If, for example, there are no magnetic charges 
of one type then (2.9) places no constraint on the values of the corresponding 
electric charge. For the cases of interest to us here, we will show that there exist 
electric and magnetic charges of all types. We shall now proceed with our analysis 
of the general case assuming all types of charge exist and this, together with the 
quantization condition (2.9), implies that the Noether electric charges qj lie in some 
lattice r and that the magnetic charges p^ lie in the dual lattice T. The group 
G is therefore broken to the discrete sub-group G(Z) which has the property that 
a vector Z e F © F is taken to another vector in the same self-dual lattice. The 
subgroup of Sp{2k) preserving the lattice is Sp{2k; Z), so that the duality group is 

G{Z)^GnSp{2k;Z) . (2.10) 

For compact G, G(Z) is a finite group while for non-compact G it is an infinite 
discrete group. If we choose a basis for the fields so that the electric charges. 
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and hence the magnetic charges, are integers, then the lattice F © F is preserved 
by integer- valued matrices, so that Sp{2k; Z) consists of integer- valued 2k x 2k 
matrices preserving fl, and G(Z) is also represented by integer-valued 2k x 2k 
matrices. Note that the group G{Z) is independent of the geometry of the lattice, 
as any two lattices F, F' are related by a GL{k, R) transformation, so that the 
corresponding discrete groups G'(Z), G"(Z) are related by GL{k,'M) conjugation 
and so are isomorphic. For N — A supergravity coupled to 22 vector multiplets, 
G(Z) is precisely the SxT duality group SL{2; Z) x 0(6, 22; Z) of the toroidally- 
compactified heterotic string, which was observed previously to be the quantum 
symmetry group of this effective field theory [4]. For = 8 supergravity G'(Z) is 
a discrete subgroup of -£^7(7) which we shall call E'j(j-^{'L) and abbreviate to E'j{'L). 
It can be alternatively characterized as the subgroup of 5*^(56; Z) preserving the 
invariant quartic form of £^7(7). From the explicit form of this invariant given in 
[7], it is straightforward to see that -E'7(Z) contains an 5'L(8, Z) subgroup. We also 
have 

E^iZ) D SL{2- Z) X 0(6, 6; Z) , (2.11) 

so that Ejilj) contains the T-duality group of the toroidally-compactified type II 
string. The minimal extension of the S-duality conjecture for the heterotic string 
would be to suppose that the SL{2; Z) factor extends to an S-duality group of 
the type II string, but it is natural to conjecture that the full discrete symmetry 
group is the much larger U-duality group E'j{7j). E'j{'L) is strictly larger than 
SL{2] Z) X 0(6, 6; Z), as it also contains an S'L(8, Z) subgroup. In the next section 
we shall verify some predictions of U-duality for the spectrum of states saturating 
a gravitational version of the Bogomolnyi bound, i.e. the 'Bogomolnyi states'. 
However, before turning to the spectrum we should verify that the Bogomolnyi 
bound is itself U-duality invariant, since otherwise a U-duality transformation could 
take a state in the Bogomolnyi spectrum to one that is not in this spectrum. 

Consider first the cases of pure N — 4 supergravity (without matter coupling) 
and N — 8 supergravity, for which M — G/H and k — N{N — l)/2. We define 
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Ymn = tlfin{qi + ip^) where {p^ , gj) are the components of the 2A;-vector Z = VZ 
and V is the constant asymptotic value of the G- valued field V at spatial infinity. 
Here m,n — 1, . . . ,iV and = —tj^^ are the matrices generating the vector 
representation of SO{N). The appear in a global supersymmetry algebra as 
central charges [34,8,9,35] and this allows a derivation of a Bogomolnyi bound. The 
anti-symmetric complex N xN matrix Ymn has N/2 complex skew eigen- values A^, 
a — 1, . . . , and the bound on the ADM mass of the Maxwell- Einstein theory 
[8] can be generalized to [35] 



Madm > max\Xa\ (2-12) 

Since Z AZ and V — > ^^A""*^ under G, it follows that Z and the \a are invariant 
under duality transformations, so the bound (2.12) is manifestly G-invariant. In the 
quantum theory this bound translates to a bound on the mass of the corresponding 
quantum state. Similar results apply to the case of N — 4 super-matter coupled 
to supergravity, with the difference that — —tl^m ^I'S now certain scalar-field 
dependent matrices that 'convert' the SO{6,m) index I to the SO{6) composite 
index mn. Nevertheless, the charges Xa remain duality- invariant. 

If the moduh of all the eigenvalues are equal, \Xai\ = \^a2 \ — ■ ■ ■ — \^aN/2\^ then 
the bound (2.12) is equivalent to 



Madm > 




(2.13) 



where 

= E l-^"!' = l^rnnY"'' = Gijp'p' + Gijqiqj (2-14) 
a 

and Gjj = \t^rrin^rnn ^hc identity matrix for pure supergravity, but is scalar 
dependent for the the matter-coupled A^ = 4 theory. However, in the general case 
of different eigenvalues, the bound (2.14) is strictly weaker than (2.12). If Madm 
is equal to the modulus of r of the eigenvalues Aa, Madm — |Aoi| = jAaal = 
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. . . = |Aa^|, for some r with < r < then the soUton with these charges 

spontaneously breaks the N original super symmetries down to r supersymmetries, 
so that for solitons for which r = N/2 precisely half of the N supersymmetries are 
preserved and the bound (2.12) is equivalent to (2.14). The duality invariance of 
the bound (2.14) for = 4 was previously pointed out in [3,4]. 

3. Spectrum of Bogomolnyi states 

There are many massive states in the spectrum of toroidally-compactified string 
theories. The masses of those which do not couple to any of the U{1) gauge fields 
cannot be calculated exactly. This is also true in general of those that do couple 
to one of the U{1) gauge fields but the masses of such particles are bounded by 
their charges, as just described. It is believed that the masses of string states 
that saturate the bound are not renormahzed for theories with at least = 4 
supersymmetry. If this is so then these masses can be computed exactly. Such 
'Bogomolnyi states' arise in the theory from winding and Kaluza-Klein modes of 
the fundamental string, and from quantization of non-perturbative soliton solutions 
of the string theory. The latter include extreme black holes and, for the heterotic 
string, self-gravitating BPS monopoles. 

For generic compactifications of both heterotic and type II strings there are 
28 abelian gauge fields and so a possible 56 types of electric or magnetic charge. 
We shall identify solitons of the effective supergravity theory carrying each type 
of charge, thereby justifying the quantization condition on these charges. These 
solitons are various types of extreme black holes. Initially, at least, we shall be 
interested in solitons carrying only one type of charge, in which case we should 
consistently truncate the supergravity theory to one with only one non-zero field 
strength, F. The coefficients of the terms can then be expressed in terms of a 
scalar field a and a pseudoscalar field p (which are two functions of the 0*) such 
that the truncated field theory has an action of the form 

S = J d^x^ Qi? + ^e-^'^-F^.F^- + \pF^,^F^- + L(a, p)^ (3.1) 
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where L{a, p) is the lagrangian for a scalar sigma-model and a is a constant. One 
can choose a > without loss of generality since a is changed to —a by the field 
redefinition a —a. For every value of a the equations of motion of (3.1) admit 
extreme multi- black hole solutions [36], parameterised by the asymptotic values 
of a, p, which are arbitrary integration constants. There is an intrinsic ambiguity 
in the metric of the a 7^ extreme black hole solutions because a new metric 
can be constructed from the canonical metric (appearing in the action (3.1)) by 
a conformal rescaling by a power of e"^. The general metric in this conformal 
equivalence class will not have an interpretation as a 'soliton' in the sense for which 
the a = extreme Reissner- Nordstrom (RN) black hole is a soliton. One feature 
that is generally expected from a soliton is that it interpolate between different 
vacua: in the RN case these are the Minkowski spacetime near spatial infinity 
and the Robinson-Bertotti vacuum down an infinite Einstein- Rosen 'throat'. If we 
require of the a ^ extreme black holes that they have a similar property then one 
must rescale the canonical metric ds^ by e^'*'^, after which one finds, for vanishing 
asymptotic values of a and p, the solution 

= _ (1 _ (i±^) ^ (1 _ (i±^) -V + r-dill (3.2) 

where M is the ADM mass and (10,2 is the metric on the unit 2-sphere. When 
a — 1 and a is the dilaton field this rescaling of the canonical metric is exactly 
what is required to get the so-called 'string metric', so that the a = 1 black holes 

have a natural interpretation as string solitons. This might make it appear that 
the rescaling of the canonical metric by 6^°"^ is inappropriate to string theory when 
a 7^ 1, but it must be remembered that the scalar field a is not necessarily the 
dilaton but is, in general, a combination of the dilaton and modulus fields of the 
torus and gauge fields. Indeed, it was shown in [37] that for the a — y/S black 
holes this combination is such that the effective rescahng is just that of (3.2). For 
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any value of a this metric has an internal infinity as r ^ (1 + a^)M for constant 
t. For a < 1 the surface r = (1 + a^)M is an event horizon, but this event horizon 
is reK ular only if 2(1 - a^)/{l + a^) is an integer, which restricts the values of a 
less than unity to a = or a = l/^/2>. The a = case is the extreme RN black 
hole for which the soliton interpretation is widely accepted. The significance of the 
a — l/-\/3 case has been explained in [38]. For a > 1 the surface r = (1 + a^)M 
is at infinite affine parameter along any geodesic so one might admit all values of 
a > 1. On the other hand, the relevance of geodesic completeness is not clear in 
this context so one might still wish to insist that 2(1 — a^)/(l + a^) be an integer 
so that the null surface r = (1 + a^)M is regular, in which case only the further 
values of a = 1 and a = \/3 can be admitted. Curiously, the values 

a = 0, 1, VS 

which we find in this way by demanding that the solution (3.2) is a bone fide 
soliton also arise from truncation ol N — '& supergravity. The possibility of the 
values a = and a = 1 is guaranteed by the existence of consistent truncations of 
N — 8 supergravity to = 2 and N = 4 supergravity respectively. The possibility 
of the values a = y/3 and a = is guaranteed by the existence of a consistent 
truncation of the maximal five-dimensional supergravity to simple five-dimensional 
supergravity since the subsequent reduction to four dimensions yields just these 
values. 

Consider first the a — 0, electric and magnetic extreme RN black holes. Given 
any one such black hole with integral charge, an infinite number can be generated 
by acting with G'(Z), and these will include black holes carrying each of the 56 
types of charge [35], and this is already sufficient to show that the continuous 
duality group £^7(7) is broken to a discrete subgroup. These solutions break 3/4 
of the supersymmetry in the N = 4 theories and 7/8 of the supersymmetry in 
the N — 8 case. For the remainder of the paper, we shall restrict ourselves to 
solitons which break half the supersymmetry, and the only extreme black hole 
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(3.3) 



solutions of this type are those with a = ^/S. This follows from consideration 
of the implications of supersymmetry for the moduli space of multi-black hole 
solutions. This multi-soliton moduli space is the target space for an effective sigma 
model describing non-relativistic solitons [39]. This sigma model must have 8 
supersymmetries for solitons of a four-dimensional N — A supergravity theory that 
break half the supersymmetry, and this implies that the moduli space is hyper- 
Kahler. Similarly, the moduli space for multi-solitons oi N — 8 supergravity 
that break half the supersymmetry is the target space for a sigma model with 
16 supersymmetries, and this implies that the moduli space is flat. However, the 
moduli space of multi-black hole solutions is flat if and only if a = ^/S [40,41], 
so only these extreme black holes can be solutions of = 8 supergravity that 
break half the supersymmetry. An alternative characterization of these extreme 
black holes is as 'compactiflcations' of the extreme black p-brane solitons of the ten- 
dimensional supergravity theory, which are known to break half the supersymmetry 
[42]. It follows that the moduh space of these solutions must be flat and what 
evidence there is [43] conflrms this prediction. This ten-dimensional interpretation 
of the solitons discussed here will be left to the following section where it will also 
become clear that they carry combinations of all 28 -|- 28 electric and magnetic 
charges associated with the 28 U{1) gauge fields. 

This moduli space argument shows, incidentally, that whereas the flatness of 
the moduli space for solitons that break half the supersymmetry is protected by 
supersymmetry ior N — 8 supergravity, this is not so ior N — A theories. There is 
then no reason to expect the moduli space metric of extreme black hole solitons of 
the exact heterotic string theory (to all orders in a' and g) to be flat. Indeed, the 
a = \^ extreme black holes, which have a flat moduli space, are only approximate 
solutions of the heterotic string and arc expected to receive higher order corrections. 
Furthermore, if BPS-typc monopoles were to occur in the type II string theory, a 
possibility that is suggested by the occurrence of non-abelian gauge groups in some 
versions of the compactifled type II string [44] , they would have to break more than 
half the supersymmetry as their moduli space is not flat. This is in accord with 
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the fact that the four- dimensional type II strings of ref. [44] have at most = 4 
super symmetry, so that solitons of these theories saturating a Bogomolnyi bound 
would have less than = 4 supersymmetry. This provides further justification for 
our assumption that the solitons of the toroidally compactified type II string that 
break half the N — 8 supersymmetry are those of the effective N — 8 supergravity 
theory. 

The complete set of soliton solutions of a supergravity theory fill out multiplets 
of the duality group G'(Z), as mentioned in the introduction. We shall now explain 
this in more detail. Flat four-dimensional space-time with the scalar fields 0* taking 
constant values, <i)Q, is a vacuum solution of the supergravity theory parameterised 
by these constants. The duality group acts non-trivially on such vacua as it changes 
the 4>Q. The solitons for which the scalar fields tend asymptotically to the values 
0Q provide the solitonic Bogomolnyi states about the vacuum state |0o >■ A 
G{Z) transformation takes a Bogomolnyi state in this vacuum with charge vector 
Z to another Bogomolnyi state with charge vector Z' and equal mass but in a 
new vacuum \(pQ >■ As in [4], it will be assumed that one can smoothly continue 
from (P'q to (po without encountering a phase transition, to obtain a state with 
the charge vector Z' , but a different mass in general, about the original vacuum 
100 >• This assumption seems reasonable because the extreme black hole solutions 
depend analytically on the constants 0q. We thus obtain a new Bogomolnyi soliton 
solution about the original vacuum but with a G(Z) transformed charge vector. 
The spectrum of all the Bogomolnyi states obtained in this way is G(Z) invariant 
by construction. In particular, the number of these Bogomolnyi states with charge 
vector Z will be the same as the number with charge vector Z' whenever Z is 
related to Z' by a G(Z) -transformation. 

In addition to the Bogomolnyi states that arise from solitons, there are also 
the electrically charged Bogomolnyi states of the fundamental string. These states 
are purely perturbative and for the type II string they consist of the Kaluza-Klein 
(KK) and winding modes of the string. If they are also to fit into multiplets of the 
duality group they must have magnetically charged partners under duality, and 
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these should be non-perturbative, i.e. sohtonic. The soUton duahty muhiplets are, 
however, already complete for the reason just given. In order to have duality of the 
string theory we must therefore identify the fundamental states with electrically 
charged solitonic states. We shall see in the next section how this identification 
must be made. 

It might be thought that all electrically charged soliton states should have an 
equivalent description in terms of fundamental states. This is presumably true of 
the heterotic string since there are fundamental string states carrying each of the 28 
types of electric charge and these are related by the T-duality group 0(6, 22; Z). 
In contrast, the fundamental modes of the type II string carry only 12 of the 
possible 28 electric charges, because the 16 Ramond-Ramond (RR) U{1) gauge 
fields couple to the string through their field strengths only. The 12 string-mode 
electric charges are related by the T-duahty group 0(6, 6; Z) of the type II string. 
It would be consistent with S and T-duality to suppose that there are no charged 
states coupling to the 16 (RR) gauge fields, but this would not be consistent with 
U-duality, as we now show. 

Recall that an n-dimensional representation of G gives an action of G on MJ^ 
which restricts to an action of (j(Z) on the lattice Z". For both the heterotic 
and type II strings, the charge vector Z transforms under G as a 56-dimensional 
representation. For the heterotic string, G — SL{2; R) x 0(6, 22) and Z transforms 
according to its irreducible (2, 28) representation. This has the decomposition 

(2,28) ^ (2, 12) + 16 X (2,1) (3.4) 

in terms of representations of SL{2; M) x 0(6, 6). This is to be compared with the 
type II string for which G = E'j(j-^ and Z transforms according to its irreducible 
56 representation, which has the decomposition 

56^ (2, 12) + (1,32) (3.5) 

under SL{2; M) x 0(6, 6). In both cases there is a common sector corresponding to 
the (2, 12) representation of 5'L(2;]R) x 0(6, 6), plus an additional 32-dimensional 
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representation corresponding, for the heterotic string, to the charges for the ad- 
ditional f/(l)^^ gauge group and, for the type II strings, to the charges for the 
Ramond-Ramond (RR) sector gauge fields. It is remarkable that the latter fit 
into the irreducible spinor representation of 0(6,6). These decompositions of the 
56 representation of G induce corresponding decompositions of representations of 
G(Z) into representations of SL{2;Z) x 0(6, 6; Z) on the charge lattice Z^^. In 
particular, U-duality requires the 16+16 electric and magnetic charges of the RR 
sector to exist and to transform irreducibly under the action of the T- duality group 
0(6, 6; Z), and we conclude that all charges in the RR sector must be carried by 
solitons. We shall later confirm this. 



4. p-Brane interpretation of Bogomolnyi solitons 

We have seen that the solitons of toroidally compactified superstrings fit into 
representations of the duality group 0(Z). Our concern here will be to identify 
states that break half the supersymmetry and carry just one of the 56 types of 
electric or magnetic charge. We shall call such states for which the charge takes 
the minimum value 'elementary'; acting on these with the duality group G(Z) will 
generate a lattice of charged states. Here we wish to show how the elementary 
solitons arise from extreme black p-brane solitons of the ten dimensional effective 
supergravity theory. These may be of electric or magnetic type. Electric p-brane 
solitons give electrically charged solitons of the four-dimensional dimensionally 
reduced field theory, while magnetic ones give magnetic monopoles, provided we 
use the form of the four-dimensional supergravity theory that comes directly from 
dimensional reduction without performing any duality transformations on the one- 
form gauge fields (although we convert two-form gauge fields to scalar fields in the 
usual way). If we had chosen a different dual form of action, the solutions would 
be the same, but some of the electric charges would be viewed as magnetic ones, 
and vice versa. This form of the action is manifestly invariant under T-duality: for 
the heterotic string, the action is the 0(6, 22)-invariant one given in [45], which is 
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related to the one of [46] by a duality transformation, and for the type II string, it 
is a new 0(6, 6)-invariant form of the N = 8 supergravity action which is related 
to the SL{8, M)-invariant Cremmer- Julia action [7] by a duality transformation. 

An extreme p-brane soliton of the ten-dimensional low-energy field theory has 
a metric of the form [21] 

ds'^ = A{r)[-dt'^ + dx'dx'] + B{r)dr'^ + r'^dnl_p (4.1) 

where x'^ {i = 1, . . . ,p) are p flat Euclidean dimensions, d^lg_p is the metric on an 
(8 — p)-sphere, r is a radial coordinate, i is a time coordinate and A{r), B{r) are 
two radial functions that tend to unity as r — > oo. These solitons couple either to 
an anti-symmetric tensor gauge field Ar of rank r = 7— p, in which case the p-brane 
is magnetically charged and F — dA is proportional to the (8 — p)-sphere volume 
form es-p, or one of rank r = p — 3, in which case the brane is electric and -kF is 
proportional to eg-p. In some cases, the p-brane solutions will have corrections of 
higher order in a', but some of the solutions correspond to exact conformal fleld 
theories. 

We shall be interested in four dimensional solitons obtained by 'compactifying' 
p-brane solitons on the six-torus. Compactification on is straightforward since 
one has only to 'wrap' the p-brane around the p-torus, which is achieved by making 
the appropriate identifications of the coordinates. If p < 6 a soliton in four 
dimensions can then be found by taking periodic arrays on T^^~^^ and making a 
periodic identiflcation*. For example [47], a flve-brane can be wrapped around a 
five-torus in six ways giving rise to six types of five-dimensional soliton and these 
yield six types of black-hole solitons in four dimensions on taking periodic arrays. 
Similarly, to 'compactify' a 0-brane (i.e. a 10-dimensional black hole) on a six- 
torus one first introduces a 6-dimensional periodic array of such black holes and 

-k Alternatively, since the solution of extreme black p-branes always reduces to the solution 
of the Laplace equation in the transverse space, one has only to solve this equation on 
X T^^"^'^ instead of M*'^ to find solitons of the four- dimensional theory. 
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periodically identifies. Instead of wrapping all p dimensions of a p-brane to obtain 
a point-like 0-brane in 3+1 dimensions, one can wrap p — q dimensions to obtain 
a q-brane soliton in 3+1 dimensions; however, in what follows we shall restrict 
ourselves to 0-brane solitons in 4 dimensions. 

The bosonic sectors of the ten-dimensional effective field theories of the het- 
erotic and type IIA and type IIB superstrings each include a metric, gMN, anti- 
symmetric tensor gauge field, BmNj and a dilaton field $. We shall first discuss 
this common sector of all three theories and then turn to the additional sectors 
characteristic of each theory. We expect the solutions we describe to be exact solu- 
tions of the classical type II theory, and their masses to be unrenormahzed in the 
quantum theory, but for the heterotic string they are only approximate solutions 
(to lowest order in a') of the low energy field theory. 

Dimensional reduction of the common (g, b, $) sector on yields 6 Kaluza- 
Klein abelian gauge fields {g^i + ■ ■ ■) coming from gMN and another 6 abelian 
gauge fields {b^i + ■ ■ ■) coming from bMN- It is straightforward to identify the 
magnetically-charged solitons associated with the KK gauge fields. These are the 
KK monopoles [48] , consisting of the product of a self-dual Taub-NUT instanton, 
with topology M^, with a 5-torus and a time-like M. As this is the the product of 
a five-metric with a five-torus, this can also be viewed as a fivebrane solution of 
the ten-dimensional theory wrapped around a five-torus.^ There are six types of 
KK monopoles in four dimensions, one for each of the six KK gauge fields, because 
the fivebrane can be wrapped around the six-torus in six different ways. As four- 
dimensional solutions the KK monopoles are extreme black holes with a = ^/S, as 
expected from the moduli space argument of the previous section. The elementary 
magnetically charged solitons associated with the gauge fields can be identified 
with the six possible 'compactifications' of the extreme black fivebrane [20,19] of the 
ten dimensional {g, h, theory. We shall refer to these as abehan H-monopoles; 

f For fixed r, the solution has topology x T'"^, and the can be regarded as a Hopf 
bundle of over 5^. Thus locally it is xT^, so that this solution might also be thought 
of as a twisted 6-brane. 
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they were first given in [49] and have been discussed further in [50,47,22]. It is 
straightforward to check directly that the KK monopoles and the H-monopoles are 
indeed related by T-duality, as expected [51,52]. Note that we have not included 
KK modes of the 5-brane, i.e. configurations in which the 5-brane has momentum 
in some of the toroidal directions, as these either lead to extended objects in four 
dimensions, or to localised solitons that carry more than one type of charge and 
so are not elementary. 

The KK and abelian H monopoles have electric duals. These electrically 
charged solitons have their ten-dimensional origin in the extreme black string [18] 
of the {g, b, $) theory, which is dual [53, 54,55] to the extreme black five-brane. 
The 6 electric duals to the abelian H-monopoles are found by wrapping the soli- 
tonic string around the 6-torus, i.e. the 6 winding modes of the solitonic string. 
The electric duals of the KK monopoles come from Kaluza Klein modes of the 
1-brane, i.e. configurations in which the solitonic string has momentum in the 
toroidal directions. They can be thought of as pp-waves travelling in the compact- 
ified directions [11]. These 6-1-6 elementary electrically charged solitons couple to 
the 6-1-6 KK and b^i gauge fields. They are in one to one correspondence with the 
KK (i.e. torus momentum modes) and winding states of the fundamental string 
which couple to the same 12 gauge fields. This allows us, in principle, to identify 
the fundamental string states as soliton states and, as explained in earlier sections, 
U-duality of string theory forces us to do so. 

Before turning to sofitons of the additional sector of each string theory, we 
shall first explain here why these field theory solitons are exact solutions of type 
II string theory. Type II string theory in a {g, b, $) background is described by a 
non-linear sigma-model with (1,1) world-sheet supersymmetry. The KK monopole 
background is described by a (4,4) supersymmetric sigma-model plus a free (1,1) 
super symmetric field theory; this is conformally invariant [56] and so gives an 
exact classical solution of string theory. The pp-wave background is also an exact 
classical solution [57], so that the T-duals of these two solutions must be exact 
classical solutions too. In contrast, the heterotic string in a {g, h, $) background 
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is described by a (1,0) supersymmetric sigma- model, and at least some of the 
solutions described above only satisfy the field equations to lowest order in cJ . In 
some cases, as we will describe later, these solutions can be modified to obtain exact 
classical heterotic string solutions. However, it is not known in general whether 
such backgrounds can be modified by higher order corrections to give an exact 
string solution. 

We have now accounted for 12 + 12 of the required 28 + 28 types of charge of all 
three ten-dimensional superstring theories. We now consider how the additional 
16 + 16 charges arise in each of these three theories, starting with the type II 
string. It is known that, after toroidal compactification, the type IIA and type IIB 
string theories are equivalent [58] but it is instructive to consider both of them. In 
either case, we showed in the last section that U-duality requires that the missing 
16 + 16 types of charge transform as the irreducible spinor representation of the T- 
duality group. Since T-duality is a perturbative symmetry, if there were electrically 
charged states of this type in the fundamental string spectrum, there would also 
have to be magnetic ones. However, magnetic charges only occur in the soliton 
sector, so a prediction of U-duahty is that the corresponding 16 electric charges 
are also to be found in the soliton sector and not, as one might have thought, in 
the elementary string spectrum. We shall confirm this. 

First we consider the type IIA theory. The ten-dimensional bosonic massless 
fields are the (g', 6, fields of the common sector plus a one-form gauge poten- 
tial, Ami and a three- form gauge potential, Amnp- These extra fields appear in 
the RR sector but couple to the string through their field strengths only. Upon 
compactification to four dimensions. Am gives one abelian gauge field A^ and 
Amnp gives 15 abelian gauge fields A^. These also couple to the string through 
their field strengths only and so there are no elementary string excitations that 
are electrically-charged with respect to these 16 gauge fields, as expected. The 
solitonic p-brane solutions of the ten-dimensional field theory involving Am or 
Amnp and breaking only half the supersymmetry consist of a 0-brane, i.e. a (ten- 
dimensional) extreme black hole, a 2-brane (i.e. a membrane), a 4-brane and a 
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6-brane. The 0-brane and the 2-brane are of electric type. The 0-brane gives rise 
to an electrically- charged four-dimensional black hole in the toroidally-compactified 
theory by the procedure of taking periodic arrays of the ten-dimensional solution. 
The membrane gives a total of — 15 electric black holes in four dimensions 
after 'wrapping' it around two directions of the six-torus and then taking peri- 
odic arrays to construct a four-dimensional solution. Similarly, the magnetic type 
4-brane and 6-brane can be wrapped around the six-torus (introducing periodic 
arrays where necessary) to give 15-1-1 magnetically-charged black holes in four di- 
mensions. We have therefore found a total of 32 additional electric and magnetic 
charges. Combined with the previous 24 charges this gives a total of 56 elementary 
charged states carrying only one type of charge. From the low-energy field theory 
we know that these charges transform according to the 56 representation of E^, 
and that acting on these elementary solitons with £"7(2,) generates a 56-dimensional 
charge lattice. As anticipated, the extra 16-1-16 electric and magnetic charges are 
inert under S-duality but are mixed by the T-duality group 0{6, 6; Z). In addition 
to the p-brane winding modes discussed above, there are also p-brane momentum 
modes; however, to give a 0-brane in 4 dimensions, the p-brane must wrap around 
the torus as well as having internal momentum, so that the resulting soliton would 
carry more than one type of charge and so would not be elementary; nevertheless, 
these solitons occur in the charge lattices generated by the elementary solitons. 

A similar analysis can be made for the type JIB theory. In this case the extra 
massless bosonic fields in the ten dimensional effective field theory are a scalar, a 
two- form potential, Amn, and a four-form potential A^mnpq with self-dual five- 
form field strength. As for the type IIA string theory, these gauge fields couple 
through their field strengths only and so, again, there are no string excitations 
carrying the new electric charges. In the solitonic sector of the ten-dimensional 
field theory there is a neutral 5-brane, a self-dual 3-brane and a string, in addition 
to the string and neutral fivebrane of the {g, b, sector. The new neutral fivebrane 
gives 6 magnetic charges in four dimensions, the self-dual 3-brane gives 10 electric 
and 10 magnetic charges and the new string gives six electric charges. Note that 
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the new solitonic string couples to the 16 U{1) gauge fields coming from Amn 
and A^MNPQ- These 16+16 charges couple to AmNi while the fundamental string 
and the solitonic string of the common sector both couple to Bmn] thus it may 
be consistent to identify the fundamental and common sector solitonic strings, but 
the new solitonic string cannot be identified with either. As for the type IIA string 
all 56 charges generate the irreducible 56-dimensional representation of £'7(2). 

Finally, we turn to the heterotic string. We have seen that the common sector 
solutions of the low-energy effective supergravity theory include 12 KK and abelian 
H monopoles, and their 12 electric duals, and under T-duality these must have 
16+16 electric and magnetic black hole partners coupling to the 16 remaining 
U{1) gauge fields. These have a ten-dimensional interpretation as the 0-branes 
and 8-branes of N — 1 ten-dimensional supergravity coupled to 16 abelian vector 
multiplets [21] (which can be taken to be those of the C/(l)^^ subgroup of Eg x Eg 
or SO{32)/Z2). 

In addition to these black hole solutions, there are also BPS monopole solu- 
tions of the heterotic string arising from wrapping heterotic or gauge five-branes 
around the six-torus [16]. The BPS monopoles are not solutions of the effective 
supergravity theory with abelian gauge group, but it has been argued (e.g. in [47]) 
that there should be modifications of these monopoles that are solutions of the 
abelian theory. The moduli spaces for multi-soliton solutions of BPS monopoles 
are hyper-Kahler [59] while those for extreme a — -\/3 black holes are flat [40,41], 
so that the black holes and BPS monopoles should not be related by duality. If the 
modifled BPS monopoles also have a non-flat moduli space, then they too cannot 
be dual to black holes. However, it is also possible that they have a flat moduli 
space, and even that they are equivalent to black hole solutions. The modified BPS 
monopoles, if they exist, would have electric partners under S'-duality which would 
be electric solitons. The magnetic partners under S-duality of electrically charged 
Bogomolnyi fundamental string states are expected to be magnetic monopole soli- 
tons, which might be either BPS-type solutions, or black holes (or both, if they are 
equivalent). In either case, the fundamental string states should be identified with 
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the electrically charged solitons related to the magnetic monopoles by S-duality. 

Whereas the solutions of the type II string we have discussed are exact con- 
formal field theories, the solutions of the heterotic string are only approximate 
low-energy solutions. However, some of these heterotic solutions have a compact 
holonomy group, and for these one can set the Yang- Mills connection equal to the 
spin-connection so that the sigma-model becomes one with (1,1) supcrsymmctry 
and the resulting background is an exact solution of string theory. Applying this 
to the fivc-brane gives the symmetric five-brane solution [50] and this can also be 
used to construct a 'symmetric KK monopole'. However, we do not know which 
of the other solutions of the low-energy effective theory can be corrected to give 
exact solutions, and the duality symmetry of non-abelian phases of the theory are 
not understood. Moreover the a' corrections to the four-dimensional supergravity 
action give a theory that is not S-duality invariant, but if string- loop corrections 
are also included, an S-duality invariant action should arise. 

5. Toroidal compactification to other dimensions 

In this section, we extend the previous discussion to consider the duality sym- 
metries of type II and heterotic strings toroidally compactified to d dimensions. 
The resulting low-energy field theory is a d-dimensional supergravity theory which 
has a rigid 'duality' group G, which is a symmetry of the equations of motion, and 
in odd dimensions is in fact a symmetry of the action. In each case the massless 
scalar fields of the theory take values in G/H, where H is the maximal compact 
subgroup of G. G has an 0(10 — c?, 10 — d) subgroup for the type II string, and 
an 0(10 — (i, 26 — d) subgroup for the heterotic string. In either string theory, 
it is known that this subgroup is broken down to the discrete T-duality group, 
0(10 — d, 10 — d\ Z) or 0(10 — d, 26 — d\ Z). It is natural to conjecture that the 
whole supergravity duality group G is broken down to a discrete subgroup 0(Z) 
(defined below) in the d-dimensional string theory. We have already seen that this 
occurs for d = 4 and will argue that for d > 4 the symmetry G is broken to a dis- 
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crctc subgroup by a generalisation of the Dirac quantization condition. In tables 
1 and 2, we list these groups for toroidally compactified superstring theories (at a 
generic point in the moduli space so that the gauge group is abelian). 



Space-time 
Dimension d 


Supergravity Duality Group G 


String T-duality 


Conjectured 
Full String Duality 


10^1 


S0{l,l)/Z2 


I 


I 


lOB 


SL{2,R) 


I 


,SL(2,Z) 


9 


SL{2,m) X 0(1,1) 




5L(2, Z) X Z2 


8 


SL{3,R) X 5L(2,]R) 


0(2,2 


Z) 


5L(3,Z) X SL{2,Z) 


7 


0(5,5) 


0(3,3 


Z) 


0(5, 5; Z) 


6 


SL{5,R) 


0(4,4 


Z) 


5L(5,Z) 


5 


-^6(6) 


0(5,5 


Z) 


E6(6)(Z) 


4 


-^7(7) 


0(6,6 


Z) 


£"7(7) (Z) 


3 


^8(8) 


0(7,7 


Z) 


-^8(8) (^) 


2 


^9(9) 


0(8,8 


Z) 


-£^9(9) (^) 


1 


-^10(10) 


0(9,9 


Z) 


-^10(10) (^) 



Table 1 Duality symmetries for type II string compactified to d dimensions. 



For the type II string, the supergravity duality groups G are given in [60, 
61]*. The Lie algebra of -£9(9) is the -E'8(8) Kac- Moody algebra, while the algebra 
corresponding to the £'10 Dynkin diagram has been discussed in [61, 63]. The 
d — 2 duality symmetry contains the infinite-dimensional Geroch symmetry group 
of toroidally compactified general relativity. In d = 9, the conjectured duality 
group is a product of an SL{2, Z) S-duality and a Z2 T-duality, while for < 8 
we conjecture a unified U-duality. For d = 8, the T-duality group 0(2, 2; Z) ~ 
[SL{2, Z) X SL{2, Z)]/Z2 x Z2 is a subgroup of the conjectured duality. In d = 10, 
the type IIA string has G = S0{1, 1)/Z2, while the type IIB has G ^ SL{2, M), as 
indicated in the first two lines of the table. We shall abbreviate £'„(„)(Z) to -E'n(^) 
when no confusion can arise. 



★ They have also been discussed in the context of worldvolume actions of extended objects in 
supergravity backgrounds [62]. 
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Space-time 
Dimension d 


Super gravity 
Duality Group G 


String T-duality 


Conjectured 
Full String Duality 




U[iV ) X i ) 




0(16; Z) X Z2 


9 


o(i 17) X sod 1) 


0(1 17- Z) 


0(1,17 


Z) X Z2 


8 


0(2,18) X 50(1,1) 


0(2, 18; Z) 


0(2,18 


Z) X Z2 


7 


0(3, 19) X 50(1,1) 


0(3, 19; Z) 


0(3, 19 


Z) X Z2 


6 


0(4, 20) X 50(1,1) 


O(4,20;Z) 


0(4, 20 


Z) X Z2 


5 


0(5,21) X 50(1,1) 


0(5,21;Z) 


0(5,21 


Z) X Z2 


4 


0(6, 22) X SL{2,R) 


0(6, 22; Z) 


0(6,22;Z) X SL{2,Z) 


3 


0(8,24) 


0(7, 23; Z) 


0(8, 24; Z) 


2 


0(8, 24)W 


0(8, 24; Z) 


0(8, 24)W(Z) 



Table 2 Duality symmetries for heterotic string compactified to d dimensions. 



For the heterotic string, the supergravity duality groups G for c? > 2 can be 
found in articles collected in [64]. Pure N = 4 supergravity in c? = 4 reduces to 
a theory with G = 5*0(8,2) in d = 3 and to a theory with supergravity duality 
group given by the afhnc group SO {8, 2)^^^ in d = 2 [60]. Similar arguments 
suggest that the heterotic string should give a. d — 2 supergravity theory with G 
given by the affine group 0(8, 24) symmetry. The heterotic string is conjectured 
to have an S x T duality symmetry in d > 4 and a unified U-duality in d < 3. 
Sen conjectured an 0(8,24;Z) symmetry of d = 3 heterotic strings in [65]. The 
d — 10 supergravity theory has an 0(16) symmetry acting on the 16 abelian gauge 
fields which is broken to the finite group 0(16; Z); we refer to this as the T-duahty 
symmetry of the ten-dimensional theory. 

The supergravity symmetry group O in d dimensions doesn't act on the d- 
dimensional space-time and so survives dimensional reduction. Then G is nec- 
essarily a subgroup of the symmetry G' in d' < d dimensions and dimensional 
reduction gives an embedding of G in G' , and G(Z) is a subgroup of G'{Z). We 
use this embedding of G into the duality group in d' = 4 dimensions to define the 
duality group G'(Z) in d > 4 dimensions as G fl E'j{7j) for the type II string and as 
G n [0(6, 22; Z) x SL{2, Z)] for the heterotic string. 

The symmetries in d < 4 dimensions can be understood using a type of argu- 
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merit first developed to describe the Geroch symmetry group of general relativity 
and used in [65] for = 3 heterotic strings. The three-dimensional type II string 
can be regarded as a four- dimensional theory compactified on a circle and so is 
expected to have an Ei{Z) symmetry. There would then be seven different Et{Z) 
symmetry groups of the three dimensional theory corresponding to each of the 
seven different ways of first compactifying from ten to four dimensions, and then 
from four to three. The seven E'j{'L) groups and the 0(7, 7; Z) T-duafity group 
do not commute with each other and generate a discrete subgroup of which 
we define to be E^iX). (Note that the corresponding Lie algebras, consisting of 
seven £'7(7) algebras and an 0(7,7), generate the whole of the -Egi^g) Lie algebra.) 
Similarly, m d = 2 dimensions, there are eight E^{'L) symmetry groups and an 
0(8, 8; Z) T-duality group which generate Eg{Z) as a discrete subgroup of £^9(9), 
and in the heterotic string there are eight 0(8, 24; Z) symmetry groups from three 
dimensions and an 0(8, 24;Z) T-duality group which generate 0(8, 24; Z)^^^ as a 
discrete subgroup of 0(8, 24)^-*^^. 

We now turn to the charge quantization condition and soliton spectrum in 
d > 4 dimensions. Consider first the example of type II string theory compactified 
to d = 5 dimensions. The low-energy theory is d = 5, N = 8 supergravity [66] 
which has 27 abelian vector gauge fields and an £6(6) rigid symmetry of the 
action. Recall that in five dimensions electric charge can be carried by particles 
or 0-brane solitons, while magnetic charge can be carried by strings or 1-brane 
solitons. The 27 types of electric charge g/ transform as a 27 of £6(6) while 27 types 
of magnetic charge transform as a 27. These charges satisfy the quantization 
condition qjp^ = integer [53,67] which is invariant under £6(6)- As we shall see, all 
54 types of charge occur and so the electric charges take values in a 27-dimensional 
lattice A and the magnetic ones take values in the dual lattice. This breaks the 
£5(6) symmetry down to the discrete subgroup which preserves the lattice. If the 
theory is now compactified to four dimensions, £6(5) survives as a subgroup of 
the £7(7) duality symmetry in d — 4 and the 27-dimensional lattice A survives as 
a sub-lattice of the 28-dimensional lattice oi d — 4 electric charges (this will be 
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checked for the elementary charged sohtons below). Thus the subgroup of £^6(5) 
preserving A is £^6(6) Ey{Z), which is precisely the discrete group Eq{1j) defined 
above. 

The five-dimensional theory has a Bogomolnyi bound involving the electric 
and magnetic charges [11,17] which is saturated by Bogomolnyi solutions that do 

not break all the supersymmetries, and the masses and charges of these states are 
expected to be unrenormalised in the quantum theory. This bound is invariant 
under £"5(6) and Eq{Z) and so Bogomolnyi solitons automatically fit into Eq{Z) 
representations. 

The d = 5 elementary solitons of the type IIA theory carrying precisely one 
type of electric or magnetic charge and breaking half the supersymmetry can be 
identified in a similar manner to that used in d = A. The 27 elementary electrically 
charged solitons, which are all extreme black hole solutions in d = 5, and the 27 
magnetic ones, which are all extreme black strings, arise from d — 10 solutions 
as follows. The 5-brane wrapped around the 5-torus gives one electrically charged 
0-brane and 5 magentically charged strings. The d — 10 solitonic string gives 
5 electric black holes and 1 black string. The 0-brane gives one black hole, the 
4-brane gives 10 black holes and 5 black strings, the 4-brane gives 5 black holes 
and 10 black strings and the 6-brane gives 1 black string. In addition, there are 
5 electric black holes arising from pp-waves travelling in each of the 5 toroidal 
dimensions (these can also be viewed as momentum modes of the solitonic string), 
and their 5 magnetic duals, which are a magnetic string generalisation of the KK 
magnetic monopole. These are the solutions consisting of the product of a 4-torus 
with self-dual Taub-NUT and two-dimensional Minkowski space. The non-compact 
six-dimensional subspace gives rise to a 5-dimensional magnetic string in the same 
way that a 4-dimensional KK magnetic monopole originates from a five-dimensional 
solution. Note that these solutions can be thought of as wrapped 4-brane solutions. 
This gives the 27+27 elementary charges, as required. 

On further compactification to d — A, the 27 electric charges give 27 electri- 
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cally charged black holes in ci = 4 and the magnetic strings give 27 magnetic black 
holes (together with 27 d = 4 black strings). There are two additional elemen- 
tary charged states in c? = 4, the pp-wave travelling in the fifth dimension and 
the KK monopole corresponding to the fifth dimension; these two solutions are 
uncharged from the five-dimensional point of view. This corresponds to the fact 
that the four-dimensional charges lie in a 56 of £^7(7) and this decomposes into 
-E'6(6) representations as 56 — > 27 -|- 27 -|- 1 -|- 1. 

Similar arguments apply to other strings in d > 4 dimensions, where charge 
quantization effects break G to at most the string duality groups listed in the 
tables. In d dimensions there are electric point charges and magnetic {d — 4)-brane 
solitons (which correspond to a subset of the four-dimensional black hole solitons 
on compactification) and the Dirac quantization of their charges [53,67] breaks 
the duality symmetry to the discrete subgroup G'(Z). There is a similar charge 
quantization condition on electric p-branes and magnetic d — p — A branes in d 
dimensions [53,67] which again break G to G{Z). In each case, the Bogomolnyi 
solitons automatically fit into representations of the duality group (providing one 
can continue solutions from one vacuum to another as discussed in section 3). 

For d < 4, it is not clear how to understand the breaking of G to G{Z) directly 
in terms of d-dimensional quantum effects. Thus, while we have shown that for 
d > 4 the group G is broken to at most G(Z), there is less evidence for our 
conjectures for d < 4, although we do know that a subgroup of G is broken to the 
discrete T-duality group, and that the solitons will fit into representations of G(Z). 
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6. Compactification of Type II strings on x 



The analysis of Bogomolnyi states can also be carried out for non-toroidal 
compactifications. An interesting example is compactification of the type II su- 
perstring on x because while has no non-trivial one-cycles and hence 
no string winding modes it does have 22 non-trivial two-cycles around which a p- 
brane for p > 1 can wrap itself to produce a (p — 2)-brane which will then produce 
monopole winding states on if p < 5 (taking periodic arrays where necessary) . 
The effective four-dimensional supergravity can be found by the two stage process 
of compactification to six dimensions on [25], followed by a straightforward 
reduction on T^. It is an = 4 supergravity with an SL(2; M) x 0(6, 22) symme- 
try and 28 U{1) gauge fields, exactly as for the compactification of the heterotic 
string on at a generic point in the moduli space. In fact, the four-dimensional 
supergravity theories are identical because the coupling of A" = 4 supergravity to k 
abelian vector multiplets is uniqely determined by the choice of gauge group [46] 
The analysis of section 2 again applies, with the result that the duality group 
is broken down to SL{2; Z) x 0(6, 22; Z) by the charge quantization condition, 
and the Bogomolnyi bound is again duality invariant. The soliton spectrum then 
automatically fits into representations of 5'L(2; Z) x 0(6, 22; Z) and the solitons 
correspond to precisely to the same extreme black holes as were discussed in section 
4 for the heterotic string. However, the ten- dimensional origin of the elementary 
charged solutions is now different and we now discuss these. 

Consider first the common {g, b, $) sector. Because Ks has no isometries and 
no non-trivial one-cycles all KK modes and string winding modes arise from the 
compactification. This yields modes carrying 2+2 types of electric charge which 
couple to the 2-1-2 gauge fields from the metric and antisymmetric tensor. The 
corresponding magnetic charges are the KK monopoles and the H-monopoles. The 

7k- Compactification of tlio heterotic string on K3 x leads to a four-dimensional effective 
field theory with only N — 2 supersymmetry, for which the masses of the Bogomolnyi states 
might be expected to receive quantum corrections, so we shall not discuss this case here. 
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latter can be interpreted as the winding modes on T of the six-dimensional soli- 
tonic string found from 'wrapping' the neutral ten-dimensional fivebrane around 
the K'i surface [68]. We have therefore identified the modes carrying just one type 
of the 4-1-4 electric and magnetic charges in this sector. As before, we do not con- 
sider modes arising from the ten-dimensional solitonic string on the grounds that 
these are not independent of the fundamental string modes already considered. 

Consider now the type IIA string. The additional 24 vector gauge fields in the 
four dimensional effective field theory arise from the ten-dimensional RR gauge 
fields Am and Amnp- One of these vector gauge fields, A^, is the four-dimensional 
component of Am- The remaining 23 come from expressing the ten-dimensional 
three-form Amnp as the exterior product of a four-dimensional one- form gauge 
potential times each of the 22-1-1 harmonic two-forms of x T^. We must now 
find the charged Bogomolnyi states to which these fields couple. Again we consider 
states carrying only one type of charge. The ten-dimensional 0-brane and six-brane 
solitons associated with Am yield, respectively, one electric and one magnetic four- 
dimensional black hole coupling to A^. The electric 2-branc and the magnetic 4- 
brane solitons in ten dimensions produce the Bogomolnyi states carrying the other 
23-1-23 types of charge coupling to the other 23 gauge fields. Specifically, the 2- 
brane can be wrapped around the 22-1-1 non- trivial two-cycles of K^xT^ to produce 
22-1-1 six-dimensional black holes of which one can then take periodic arrays to 
get 22-1-1 four-dimensional electric black holes. The four brane can be wrapped 
around the 22 homology two-cycles of Ks to give 22 six-dimensional 2-branes, each 
of which can then be wrapped around to produce a four-dimensional magnetic 
black hole. Alternatively, the four-brane can be wrapped entirely around to give 
one six-dimensional black hole which then produces a further magnetic black hole 
in four dimensions on taking periodic arrays. We have now found a total of 24+24 
additional electric and magnetic black holes. They each satisfy the Bogomolnyi 
bound, because the ten-dimensional p-brane solitons do, and they each carry just 
one type charge. Combining these with the 4-1-4 black holes from the {g, h, $) sector 
yields a total of 28-1-28 elementary electric and magnetic extreme black holes which 
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generate the (2, 28) representation of SL{2; Z) x 0(6, 22; Z). 

Consider instead the type IIB superstring. The RR gauge fields are Amn and 
A^MNPQ which produce 2+22 four dimensional gauge fields upon compactification 
on X [25]. These fields couple to the sohton states in four dimensions 
obtained by wrapping the extra solitonic string and fivebrane, and the self-dual 
three-brane, around the homology cycles of x T^, taking periodic arrays when 
necessary to get a four-dimensional soliton (alias extreme black hole). There are 
two homology one-cycles and two homology five-cycles so the extra solitonic string 
and fivebrane produce 2+2 four-dimensional electric and magnetic black holes. 
There are 44 three-cycles so the thrccbrane produces 44 four-dimensional solitons. 
Since the threebrane is self-dual 22 of these are electric and 22 magnetic. Again 
we have a total of 24+24 additional charges. Combining these with the 4+4 black 
holes from the {g, h, $) sector again yields a total of 28+28 elementary electric 
and magnetic extreme black holes which generate the (2, 28) representation of 
SL{2]'L) X 0(6,22;Z). 

Since the type II string compactified on x and the generic toroidal 
compactification of the heterotic string have exactly the same four-dimensional 
low-energy field theory it is natural to conjecture that they might be equivalent 
string theories. If this is so then the Bogomolnyi states of the heterotic string 
discussed at the conclusion of the previous section would have a straightforward 
ten-dimensional interpretation after all. It would have some other remarkable 
consequences. For example, at special points of the heterotic string moduli space, 
there are extra massless fields and an enhanced (Yang-Mills) symmetry due to non- 
perturbative world-sheet effects (i.e. non-perturbative in a', but perturbative in 
g). If the compactified type II string is equivalent, it must have the same enhanced 
symmetry in vacua corresponding to the same points in the scalar field coset space. 
This presumably does not arise from non-perturbative world-sheet effects, so would 
have to come from non-perturbative stringy effects, or from Wilson lines and their 
p-brane generalisations. This would mean that the sigma-model coupling constant 
a' of the heterotic string becomes one of the stringy coupling constants of the 
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type II theory, as might have been expected from the fact that for the toridally 
compactified type II string, all coupling constants are on an equal footing and are 
mixed up under U-duality. 

7. U-duality and the 1 1-dimensional supermembrane 

As we have seen, the £^7(2) invariance of the spectrum of sohton states of 
N — 8 supergravity is an automatic consequence of the E'j{'L) invariance of the 
equations of motion. The non-trivial features are, firstly, that these states have an 
interpretation in terms of ten-dimensional KK solitons and solitonic p-branes and, 
secondly, that if the ten-dimensional field theory is considered to be the effective 
field theory of the type II string theory then E'j{'L) invariance requires an identi- 
fication of the solitonic string with the fundamental string. N — 8 supergravity 
can also be obtained by dimensional reduction of 1 1-dimensional supergravity on 
T^. We shall now show that the elementary sohton states oi N — 8 supergrav- 
ity also have an interpretation in terms of KK solitons and solitonic p-branes of 
1 1-dimensional supergravity. There are 7 KK magnetic monopoles and 7 electric 
duals, which are pp- waves of 1 1-dimensional supergravity [69] travelling in the 
internal dimensions. The 1 1-dimensional solitonic p-branes are the electric mem- 
brane and the magnetic fivebrane. Each can be wrapped around the seven-torus 
to produce 21 four-dimensional solitons. Thus we have a total of 28 electric and 
28 magnetic four-dimensional solitons each carrying one of the 56 types of charge 
which are a basis for the irreducible 56 repesentation of EjCZ). If we now wish to 
interpret 1 1-dimensional supergravity as an effective field theory of a fundamental 
E'j{'L) supermembrane theory then we must identify the fundamental membrane 
with the solitonic one, just as we were forced to identify the fundamental string 
with the (appropriate) solitonic string. 

Consider now the compactification to on K2, x of eleven-dimensional 
supergravity [28]. The effective field theory is the same as that of the type II 
superstring compactified on x T^, i.e. oxi N — A supergravity with 28 U{1) 
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gauge fields and an SL{2\'L) x 0(6, 22; Z) symmetry. The soliton spectrum is 
also the same. In the monopole sector we have, firstly, 3 KK monopoles from 
the factor and, secondly, a further 25 monopoles from wrapping the solitonic 
fivebrane around the 3+22 homology five-cycles of K^xT"^. This gives a total of 
28 monopoles. The 28 electrically charged solitons are the electric duals of these 
monopoles which can be understood in terms of the KK and winding modes of 
either the solitonic membrane or a fundamental membrane. The entire set of 56 
states can be assigned to the (2,28) representation of SL{2] R) x 0(6, 22), inducing 
a corresponding representation of SL{2] Z) x 0(6, 22; Z). 

These results are encouraging signs that it may be possible to define the quan- 
tum supermembrane theory entirely in terms of the solitonic membrane solution 
of eleven-dimensional supergravity. Alternatively, one can envisage a dual for- 
mulation in terms of a fundamental 11-dimensional the superfivebrane, in which 
case the solitonic fivebrane might be identified with a fundamental fivebrane. Of 
possible relevance in this connection is the fact that the membrane and fivebrane 
solitons have a very different global structure. Both have a degenerate Killing 
horizon but whereas the membrane horizon conceals a singularity in an interior re- 
gion [70], much like the extreme Reissner Nordstrom solution of four-dimensional 
Maxwell- Einstein theory, the fivebrane is completely non-singular [38]. 

8. Comments 

The equations of motion of four-dimensional effective supergravity theories of 
compactified superstring theories are invariant under a continuous duality group G 
that is broken by quantum effects to a discrete subgroup G(Z). For the toroidally- 
compactified heterotic string at a generic point in the moduli space, and for the 
Ky, X T^-compactified type II superstrings, this group is the S x T duality group 
5'L(2;Z) X 0(6, 22; Z). For the toroidally-compactified type II superstrings it is 
the U duality group E'jiX) which contains the S x T duality group SL{2; Z) x 
0(6, 22; Z). Whereas T-duality is known to be an exact symmetry of string theory 
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at each order in the string couphng constant g, the conjectured S- and T- dualities 
are non-perturbative. We have provided evidence for U-duahty of the type II string 
by considering those features of string theory that are expected to be given exactly 
by a semi-classical analysis although it should be emphasized that this evidence 
depends only on the form of the effective supergravity theory and would apply 
equally to any consistent quantum theory of gravity for which this is the effective 
low-energy action. Nevertheless, by supposing this consistent quantum theory to 
be string theory our arguments have led us to the remarkable conclusions that it is 
necessary to identify certain states of the string with extreme black holes, and the 
fundamental string with a solitonic string. We have also seen that the elementary 
Bogomolnyi states are extreme black hole solutions of the low-energy theory, and 
have shown how these arise from p-brane solitons of the ten-dimensional theory. 

The zero modes of the scalar fields of the low energy field theory are all coupling 
constants of the string theory, so that G{Z) symmetry relates different regimes 
in the perturbation theory in these coupling constants, interchanging strong and 
weak coupling and, in the case of [/-duality, interchanging g with a', in the sense 
of mixing the quantum loop expansion in g with the sigma-model perturbation 
expansion in a' and the moduli of the compactification space. For the compactified 
type II superstring, any physical quantity (e.g. the S-matrix) can be expanded in 
terms of the 70 coupling constants associated with zero modes of the 70 scalars. 
In the world-sheet approach to string theory, one first integrates over the sigma- 
model degrees of freedom on a Riemann surface of fixed genus, obtaining a result 
parameterised by the sigma-model coupling constants, and then sums over genus. 
As U-duahty mixes up all 70 coupling constants, the final result may be expected 
to depend on all 70 scalars in a symmetric way, even though the calculation was 
very asymmetrical and in particular picked out the dilaton to play a special role. 
This would hugely constrain the theory and the assumption of U-duality, together 
with N — 8 supersymmety, gives us a great deal of non-perturbative information, 
and might even enable us to solve the theory! This structure also suggests that 
there might be a new formulation of string theory which treats all the coupling 
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constants on an equal footing. 

We have seen that there are duahty symmetries in all dimensions d < 10 and it 
is interesting to ask whether the d < 10 symmetries can correspond to symmetries 
of the 10-dimensional theory. If e.g. the four-dimensional dualities correspond to 
symmetries of the full ten-dimensional theory, these symmetries must interchange 
the various p-brane solitons of the string-theory; such symmetries would probably 
have to be non-local. If the theories in d < A dimensions really do have the duality 
symmetries suggested in section 5, and if these have analogues in higher dimen- 
sions, this would have remarkable consequences for string theory. For example, the 
U-duality of the three-dimensional heterotic string includes transformations that 
would mix the string with 5-brane solitons in ten dimensions, and so would contain 
the transformations described as the 'duality of dualities' in [3]. For the type II 
string theory, this suggests that -E'io(Z) might be a discrete non-local symmetry of 
the ten-dimensional string theory! 

One of the predictions of S-duality for the heterotic string is the presence of 
certain dyon bound states in the Bogomolnyi spectrum, which can be translated 
into to a prediction concerning harmonic forms on the multi-monopole moduli space 
[71] . It would be interesting to consider the corresponding predictions for the type 
II string. Recently, some strong-coupling evidence for S-duality of the heterotic 
string has been found by studying partition functions of certain topological field 
theories [72], and again it would be interesting to seek similar strong-coupling tests 
for U-duality. 

Finally, since N = 8 supergravity and its soliton spectrum are U-duality in- 
variant, many of the properties previously thought to be unique to string theory 
are in fact already properties of the effective supergravity theory once account 
is taken of all soliton solutions. Since only stable states can appear in an exact 
S-matrix it is possible that the only states of the exact toroidally compactified 
type II string theory are the Bogomolnyi states and that these are in one to one 
correspondence with soliton states of the supergravity theory. This would support 
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a previous suggestion [73] that a fundamental superstring theory might actually 
be equivalent to its effective field theory once solitons of the latter are taken into 
account. To pursue this further one would need to find higher spin (> 2) soliton 
states corresponding to the higher spin states of string theory. There seems to 
be no problem in principle with the existence of such higher-spin soliton states in 
N — S supergravity because the a — and a — lextreme black holes must belong 
to massive supermultiplets with spins > 2 as they break more than half the super- 
symmetry. In this connection it is worth recalling the similarity of the mass/spin 
relation for Regge trajectories in four-dimensional string theory, oc ^ , with 
that of the degenerate Kerr solutions of general relativity, oc ^ . 
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